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▶ Goal: Local Central Limit Theorem for long-range interactions.
▶ Model: Translation-invariant pair potential Φ = {Φ{x,y}}x ̸=y that is

absolutely summable supx∈Zd

∑
y∈Zd

y ̸=x

∥Φ{x,y}∥ < ∞

▶ Define the Hamiltonian in a finite set Λ with boundary condition
ω ∈ Ω associated to the potential Φ by

Hω
Λ (σ) =

∑
x,y∈Λ
x ̸=y

Φ{x,y}(σ) +
∑
x∈Λ

∑
y /∈Λ

Φ{x,y}(σΛωΛc ), (1)

where the configuration
(
(σΛωΛc )x

)
x∈Zd means

(σΛωΛc )x =

{
σx , if x ∈ Λ,

ωx , if x /∈ Λ.
(2)

▶ For inverse temperature β > 0, we define

µω
Λ,β(σ) =

e−βHω
Λ (σ)

Zω
Λ,β

, (3)

where Zω
Λ,β is the partition function given by

Zω
Λ,β =

∫
EΛ

e−βHω
Λ (σ)

∏
x∈Λ

λ(dσx). (4)



▶ Observable (lattice-valued): Let f : Ω → Z be bounded.

Sk :=
∑
x∈Λk

f ◦θx , Dk := Varµωk
Λk ,β

(Sk), S̄k :=
Sk − µωk

Λk ,β
(Sk)√

Dk

.

▶ By f ◦ θx is lattice distributed we mean that we pick the same a ∈ Z
and h for every x ∈ Zd .

▶ If f is bounded, then the possible values for f are a+ bh where b is
in the set {p, p + 1, . . . , q} for some integers p < q. Then Sk has
possible values |Λk |a+ bh, where b ∈ Bk := {p|Λk |, . . . , q|Λk |}.

▶ Local CLT

zk,b :=
|Λk |a+ bh − µωk

Λk ,β
(Sk)√

Dk

,

sup
b∈Bk

∣∣∣∣√Dk

h
µωk

Λk ,β
(Sk = |Λk |a+ bh)− 1√

2π
e−z2k,b/2

∣∣∣∣ −−−→k→∞
0.

Main result (informal): If the integral CLT holds for (µωk

Λk ,β
)k≥1,

then the local CLT holds as well, provided β is sufficiently small
(high temperature).



We estimate

sup
b∈Bk

2π

∣∣∣∣∣
√
Dk

h
µωk

Λk ,β
(Sk = |Λk |a+ bh)− 1√

2π
exp

(
−
z2k,b
2

)∣∣∣∣∣
≤
∫ B

−B

∣∣∣µωk

Λk ,β

(
exp(itSk)

)
− exp(−t2/2)

∣∣∣ dt + ∫
|t|≥B

exp(−t2/2) dt

+

∫
B<|t|<δ

√
Dk

∣∣∣µωk

Λk ,β

(
exp(itSk)

)∣∣∣ dt
+

∫
δ
√
Dk≤|t|≤π

h

√
Dk

∣∣∣µωk

Λk ,β

(
exp(itSk)

)∣∣∣ dt. (5)

▶ Third term: Taylor Reminder Theorem (along with Theorem 3).

▶ Fourth term: Cluster expansion at high temperatures (Section 3).

▶ What can we learn?A way to prove Local CLT for the challenging
long-range models.


